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The consistency of the existence of a weakly compact cardinal implies the consistency of “every 
normal space of point-countable type and weight s2Ko is collectionwise normal”. 
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W.S. Watson [ 121 proved that V = L implies locally compact normal spaces are 
collectionwise Hausdorff and asked whether it is consistent that they are collection- 
wise normal. The major result of this note is that the answer is “yes” for spaces of 
weight ~2~0, assuming the consistency of a weakly compact cardinal. (The answer 
is no under MA+ -CH (see e.g. [lo]) and under 0* [ 11). The surprising element 
in Watson’s theorem is that there is no character restriction evident; similarly, the 
surprising element in my results is that the character is not required to be less than 
2K~ as in Nyikos’ theorem [7]. In both cases however, character really does play an 
essential role-the trick is to reduce the character to an extent that known theorems 
apply. In Watson’s case it is done absolutely for points; here it is done for closed 
sets, but sometimes only consistently. Although we have so far talked about locally 
compact spaces, as in Watson’s paper a much more general class of spaces can be 
treated with little additional work. 
Definition. A space is of point-countable type if every point is included in a compact 
set of countable character. (I.e., if the compact set were identified to a point, that 
point would have a countable neighbourhood base.) 
We shall assume all spaces are Hausdorff. In a regular space of point-countable 
type, every open set about a point includes a compact set of countable character 
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containing the point. In spaces of point-countable type, weight is G cardinality. 
Locally compact spaces are of point-countable type; in fact, they have a stronger 
property: every open set about a compact set K includes a compact set of countable 
character including K. For proofs of these facts, see e.g. [3]. As a general reference 
for this paper, I suggest [lo]. All our results about spaces of point-countable type 
actually hold for spaces in which each point is of “type less than 2Ho”. Stating the 
results this way has the advantage of subsuming “character less than 2Ko”, but leads 
to a certain awkwardness of phrasing. We therefore leave this modification to the 
reader. The following result is the key to our proof. 
Character Reduction Lemma. Let X be a normal space of point-countable type. Let 
9 = { Yyly<h be a discrete collection of closed sets. Suppose there is a refinement of 
the canonical cover {X -U Y} u {X -I._{ Y’ E 9: Y’ # Y}: YE 921) such that each 
y E UCr/ has a neighbourhood N, that meets fewer than A members of the refinement. 
Then there is a discrete collection .5? of cardinality A such that each Z E 5? is the union 
of compact sets of character less than A, and such that if 3 is separated, so is 9. 
Proof. By normality we may assume each Y, E ?!/ is included in an open F, U, such 
that 0, meets no other member of 3. We may also assume there is an open V such 
thatlJgy VG V&U y<y U,. Choose for each y E Y, a compact set KY of countable 
character such that y E K, E N, n U, n V Let L,, = K,, -U { U,.: y’ # y}. Then .& is 
the intersection of fewer than A open subsets of K,. By a well-known theorem of 
Alexandroff and Urysohn, it follows that Lv has character less than y in K,. An 
easy calculation yields that the character of L, in X is then also less than A. Let 
Z,=l._J{L,: YE Y,}andlet%={Z,},,,. By construction, 2 is discrete. Since Z,, 2 Y, 
and is disjoint from any other Y,,, if 2 is separated, so is 3. 0 
One way of getting the “locally <A” condition of the lemma, is to assume we 
have fewer than A sets to begin with. We thus have for those who want to avoid 
forcing, the following result: 
Theorem 1. PMEA implies normal spaces of point-countable type are collectionwise 
normal with respect to discrete collections of cardinality less than 2Ko. 
The proof is almost immediate. One merely has to check that Nykos’ argument 
works even if the ‘points’ of small character overlap. I pointed this out in [9]. Here’s 
another trivial result: 
Theorem 2. PMEA implies paralindeliif normal spaces of point-countable type are 
collectionwise normal. 
Of course both of these results are almost cheating; what we really want to do is 
derive the locally ~2~11 condition from normality rather than assume it. Fortunately, 
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I showed how to do that many years ago [8]. (For a cleaner, more modern treatment, 
see [ll].) What remains to be done is to establish that the “normal implies locally 
<2 %” results can hold simultaneously with the “normal plus character less than 
2”o implies collectionwise normal” results of the PMEA and other varieties. Let us 
first state precisely the following: 
Theorem 3. Adjoin A Cohen subsets of a regular K to a model of 2’” = K. Suppose in 
the extension that 9 is a discrete collection of closed sets in a normal space, such that 
IJ9 is the union offewer than A sets each of character less than A. Then the canonical 
cover of 9 has a precise refinement such that each of those sets has a neighbourhood 
meeting fewer than h many members of the refinement. 
I don’t want to give a proof here-it is essentially the same as the proof of 
Theorem 5 in [ll]. One can treat the sets of small character as if they were points, 
noting that the fact that they overlap causes no difficulty. Another argument from 
[ll] establishes that if we adjoin A Cohen subsets of K and then K many Cohen 
reals, the conclusion of Theorem 3 still holds. To see this, one regards the forcing 
as first adding the reals, and then forcing with the ground model partial order for 
adding A Cohen subsets of K. By Lemma 2 of [ 111, if Q is a partial order such that 
for any A dense subsets of Q there is a filter meeting them, then this is still true 
after one forces with a partial order of cardinality K S A. Thus the proof of Theorem 
3 still goes through since the partial order for adding K Cohen reals has cardinality 
K. If we assume KHo = K, so does that for adding K random reals. In the case under 
consideration, we have ~~~ = K, so we can get the conclusion of Theorem 3 with 
random reals if we like. 
At this point we can almost say that your favorite “normality implies collectionwise 
normality” result can indeed hold simultaneously with the conclusion of Theorem 
3 for K = 2N0. A minor difficulty is that the adjunction of Cohen subsets to a large 
cardinal K can, in some models, destroy its largeness, so that one must first prepare 
a model so that this won’t happen. This can be done for weak compactness (see 
Exercise 1.10 of Chapter 8 of [5]) and for supercompactness [6]. Thus we get e.g.: 
Theorem 4. Con( 3 supercompact cardinal) implies Con( normal spaces which are either 
locally compact and of weight ~2~~’ or ofpoint-countable type and of cardinality ~2~~’ 
are collectionwise normal). 
Proof. As remarked above, we may assume the supercompact K is indestructible 
under adding Cohen subsets. We therefore add say A Cohen subsets of K (where 
A > K) and then K many random or Cohen reals. By noting that PMEA holds (in 
the random case) or by the arguments of [2] in either case, we get that normal 
spaces of character <2Ko are collectionwise normal. We next reverse field and 
consider that we really first forced to add the reals and then forced with the ground 
model partial order for adding Cohen subsets of K. Either of the topological 
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alternatives implies the space is the union of <22X” compact sets, each of character 
<22No. This is clear for the first one; for the second, use that weight is s cardinality. 
We then get locally ~2~0 and then character <2 No so we are done. Of course one 
doesn’t need the full strength of supercompactness to prove results bounded in 
cardinality. We next give a similar argument which replaces r’<22N”rr by “~2~0” but 
needs only a weakly compact. 
Theorem 5. Con(3 weakly compact cardinal) implies Con(norma1 spaces which are 
either locally compact and of weight ~2~0 or ofpoint-countable type and of cardinality 
S2Ko are collectionwise normal). 
Proof. Add K+ Cohen subsets of the weakly compact K (after having made it 
Cohen-indestructible) and then add K random or Cohen reals. The argument is the 
same as before since by e.g. [2], the adjunction of the reals makes normal spaces 
of cardinality ~2~0 and character ~2~0 collectionwise normal. 0 
By doing a bit more forcing, we can partially remove the cardinality bound: 
Theorem 6. Con(3 weakly compact cardinal) implies Con(norma1 spaces of point- 
countable type are collectionwise normal with respect to discrete collections, each element 
of which has cardinality ~2~0). 
Proof. We could have added A+ Cohen subsets of A for every regular A 2 K in the 
previous proof and still preserved weak compactness, since e.g., adding the subsets 
of cardinals above K doesn’t add K-Aronszajn trees. By the same argument as in 
[ 111, that will give us that we can separate a discrete collection of points of character 
SK+ if we can separate any K of them. Here our sets are the union of S2K0 compact 
sets of countable character, so since 2’“” = K+, if we identify each element of our 
discrete collection to a point, that point has a neighbourhood base of cardinality 
SK + and we are done. 0 
It is worth noting that an easier version of the above proof yields: 
Theorem 7. Con( normal spaces of point-countable type are collectionwise normal with 
respect to discrete collections, each element of which has cardinality less than 2”0). 
The point is that after adding K (a regular cardinal) Cohen or random reals, by 
[2] one can separate collections with union of size <K. The subsets adjoined to the 
cardinals ZK then take care of bigger collections since we are essentially dealing 
with the establishment of collectionwise Hausdorffness. 
It is not know whether large cardinals are necessary for any of our results 
concerning locally compact spaces. They are for spaces of point-countable type by 
[4], since first countable spaces are of point-countable type. It would be pleasing 
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if someone would show that the adjunction of Cohen subsets of 2K~ is necessary by 
constructing from hypotheses consistent with PMEA, e.g. 0*(2”0), a normal space 
of point-countable type and cardinality 2 No which is not collectionwise normal. 
In conclusion, I should like to thank the members of the Toronto Set-theoretic 
Topology Seminar for a number of suggestions that have improved this note. 
Note. Z. Balogh obtained many of our results later, independently, and has also 
varied some by replacing “normal” by “countably paracompact plus subparacom- 
pact”. He has also recently been able to obtain the first half of Theorem 5 merely 
by adding weakly compact many Cohen reals. Subsequent to the research reported 
here, I have been able to establish, assuming the consistency of infinitely many 
supercompact cardinals, that locally compact normal spaces of character less than 
1, are collectionwise normal. 
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